Abstract. Let M be an orientable, irreducible 3-manifold admitting a weakly reducible genus three Heegaard splitting as a minimal genus Heegaard splitting. In this article, we prove that if 
Introduction and Result
Throughout this paper, all surfaces and 3-manifolds will be taken to be compact, orientable and piecewise-linear.
Let M be an orientable, irreducible 3-manifold admitting a weakly reducible genus three Heegaard splitting as a minimal genus Heegaard splitting.
Let us consider an element [f ] of the group of isotopy classes of orientationpreserving automorphisms of M , say M od(M ), and an automorphism f in the isotopy class [f ] . Let [F ] be the isotopy class of a properly embedded (possibly disconnected) surface F in M . Since we can well-define the image [ 
f ]([F ]) as [f (F )] for an isotopy class [F ] and an element [f ] ∈ M od(M ), if there is a correspondence [f ]([F ]) = [F ] between two isotopy classes [F ] and [F ], then it would contain some information of [f ] even though it does not contain all information of [f ]. But if
F does not divide M into sufficiently small pieces, then one can expect that the correspondence contains not much information and if the genus of F is large, then it would be hard to even just find a correspondence.
Since M admits a weakly reducible Heegaard splitting of genus three, we can get the generalized Heegaard splitting obtained by "weak reduction", where it consists of two non-trivial Heegaard splittings of genus two. Conversely, if there is a generalized Heegaard splitting of M consisting of two non-trivial Heegaard splittings of genus two, then the "amalgamation" is a weakly reducible, genus three Heegaard splitting of M . Hence, we can make use of the correspondences between sets of surfaces in M of genera at most two instead of surfaces of genus three or more. Since there have been many results about genus two Heegaard splittings, this approach would make sense.
But the question is, how much information of elements of M od(F ) could be contained in a correspondence between two isotopy classes of generalized Heegaard splittings consisting of two Heegaard splittings of genus two? For [ −1 might not be the identity in M od(M ). Since two generalized Heegaard splittings f (H) and g(H) are isotopic, we could expect that the amalgamations of them are also isotopic. Hence, there comes a natural expectation that there would be a representative h of the difference [h] such that h preserves an embedding F of the amalgamation obtained from f (H). Hence, there would be the corresponding subset or subgroup of M od(M, F ) containing such representatives of [h] (M od(M, F ) is the group of isotopy classes of orientation-preserving automorphisms of M preserving F ) and this subset or subgroup would tell us how much information the correspondence loses for such elements of M od(M ).
First, we will show that "whether or not [f ] gives a correspondence between two weakly reducible, unstabilized Heegaard surfaces of genus three" can be interpreted as "whether or not there exists a correspondence between two generalized Heegaard splittings obtained by weak reductions from them by [f ]" in Theorem 1.1. This gives an important motivation to understand [f ] as a correspondence between two generalized Heegaard splittings instead of two Heegaard splittings of genus three. Theorem 1.1 (Corollary 3.4). Let (V, W; F ) and (V , W ; F ) be weakly reducible, unstabilized, genus three Heegaard splittings in an orientable, irreducible 3-manifold M and f an orientation-preserving automorphism of M . Then f sends F into F up to isotopy if and only if f sends a generalized Heegaard splitting obtained by weak reduction from (V, W; F ) into a generalized Heegaard splitting obtained by weak reduction from (V , W ; F ) up to isotopy.
Let GHS be the set of isotopy classes of the generalized Heegaard splittings consisting of two non-trivial Heegaard splittings of genus two and GHS [F ] the maximal subset of GHS such that every element of GHS [F ] gives the same isotopy class [F ] of amalgamation.
Next, we will prove Theorem 1.2 which is the main theorem in this article. (1) h takes F into itself and (2) h sends a uniquely determined weak reducing pair (V , W ) of F into itself up to isotopy (i.e. h(V ) is isotopic to V or W in the relevant compression body and h(W ) is isotopic to the other in the relevant compression body), where (V , W ) is determined naturally when we obtain F by amalgamation from a representative H of [H ]. Moreover, for any orientation-preserving automorphismh of M satisfying (1) and (2) , there exist two elements in M od(M ) giving the correspondence [H] → [H ] such thath belongs to the isotopy class corresponding to the difference between them.
Hence, the Main Theorem means that the difference between such two elements of M od(M ) comes from the subgroup of M od(M, F ) consisting of elements preserving the weak reducing pair (V , W ), say M od(M, F , (V , W )).
Preliminaries
This section introduces basic notations and summarizes the author's results in [4] [5] [6] [7] . Definition 2.1. Let M be a manifold. An ambient isotopy taking N into N is a family of maps h t : M → M , t ∈ I such that the associated map H : M × I → M given by H(x, t) = h t (x) is continuous, h 0 is the identity, h 1 (N ) = N , and h t is a homeomorphism from M to itself at any time 0 ≤ t ≤ 1.
In this article, we just say N is isotopic to N in M by an isotopy h t if there is an ambient isotopy h t taking N into N .
An isotopy between two homeomorphisms f, g : X → Y for two manifolds X and Y is a family of maps f t : X → Y , t ∈ I such that the associated map F : X ×I → Y given by F (x, t) = f t (x) is continuous, f 0 = f , f 1 = g, and f t is a homeomorphism at any time 0 ≤ t ≤ 1.
Let f : X → Y be a homeomorphism such that f (N ) = N 1 for a submanifold N ⊂ X. If there is an isotopy f t such that f 0 = f and f 1 (N ) = N 2 , then we say that "we can isotope f so that f (N ) = N 2 ". For example, if N 1 (= f (N )) itself is isotopic to N 2 by an isotopy h t in Y , then we can isotope f so that f (N ) = N 2 by taking the isotopy f t = h t • f . If we can isotope f so that f (N ) = N , then we say that "f takes (or sends) N into N up to isotopy". If a homeomorphism f is isotopic to g, then we say that f and g belong to the same isotopy class, where we will denote the isotopy class of a homeomorphism f as [ . Suppose that f is an orientation-preserving automorphism of M . If a submanifold F 1 is isotopic to F 2 in M , i.e. h 0 (F 1 ) = F 1 and h 1 (F 1 ) = F 2 by an isotopy h t for 0 ≤ t ≤ 1, then the image f (F 1 ) is isotopic to f (F 2 ) by the isotopy f • h t • f for 0 ≤ t ≤ 1. Moreover, if f is isotopic to f by an isotopy f t for 0 ≤ t ≤ 1 for two representatives f and f of [f ] , then the isotopy f t • f −1 for 0 ≤ t ≤ 1 sends f (F ) into f (F ). This means that we can well-define the image [ 
f ]([F ]) as [f (F )] for an isotopy class [F ] and an element [f ] ∈ M od(M ).

Definition 2.2.
A compression body is a 3-manifold which can be obtained by starting with some closed, orientable, connected surface F , forming the product F × I, attaching some number of 2-handles to F × {1} and capping off all resulting 2-sphere boundary components that are not contained in F × {0} with 3-balls. The boundary component F × {0} is referred to as ∂ + . The rest of the boundary is referred to as ∂ − . If a compression body V is homeomorphic to ∂ + V × I, then we call it trivial and otherwise we call it nontrivial. The cores of the 2-handles defining a compression body V, extended vertically down through ∂ + V × I, are called a defining set of 2-disks for V. A defining set for V is minimal if it properly contains no other defining set.
Note that we can define a compression body V with non-empty minus boundary as a connected 3-manifold obtained from F × I for a (possibly disconnected) closed surface F such that each component of F is of genus at least one, followed by 1-handles attached to F × {1}, where F × {0} becomes ∂ − V and the other boundary of V becomes ∂ + V. Lemma 2.3. A genus g ≥ 2 compression body V with minus boundary having a genus g − 1 component has a unique minimal defining set up to isotopy and it consists of only one disk.
Proof. If ∂ − V is connected, i.e. ∂ − V consists of a genus g − 1 surface, then there is a unique non-separating disk in V up to isotopy. If ∂ − V is disconnected, i.e. ∂ − V consists of a genus g − 1 surface and a torus, then there is a unique compressing disk in V up to isotopy, where it is separating in V. Moreover, if we cut V along the uniquely determined disk, then we get ∂ − V × I in any case. Therefore, we can obtain V by attaching only one 1-handle to ∂ − V × I corresponding to the disk. This gives a way to determine V by attaching only one 2-handle to ∂ + V × I and therefore the relevant defining set is the singleton set consisting of the disk. Since this defining set consists of only one disk, it is a minimal defining set. Moreover, if there is a minimal defining set for V, i.e. it consists of a disk, then the disk must be a compressing disk of V otherwise the resulting compression body would be trivial. Hence, it must consist of a non-separating disk (if ∂ − V is connected) or a separating compressing disk (if ∂ − V is disconnected) by considering the shape of the resulting minus boundary. Hence, a minimal defining set for V is uniquely determined up to isotopy by the argument in the start of the proof.
This completes the proof.
Definition 2.4.
A spine of a compression body V is a graph σ embedded in V with some valence-one vertices possibly embedded in
is an open regular neiborhood of σ. A spine σ of V is minimal if it is a union of arcs, each of which has both ends on ∂ − V (or at a single vertex if V is a handlebody).
A spine σ of a compression body V is dual to a defining set ∆ for V if each edge of σ intersects a single disk of ∆ exactly once, each disk of ∆ intersects exactly one edge of σ, and each ball of V − ∆ contains exactly one vertex of σ, and all vertices of σ in ∂ − V × I component of V − ∆ are contained in ∂ − V. Definition 2.5. A Heegaard splitting of a 3-manifold M is an expression of M as a union V ∪ F W, denoted as (V, W; F ) (or (V, W) simply), where V and W are compression bodies that intersect in a transversally oriented surface F = ∂ + V = ∂ + W. We say F is the Heegaard surface of this splitting. If V or W is homeomorphic to a product, then we say the splitting is trivial. If there are compressing disks V ⊂ V and W ⊂ W such that V ∩ W = ∅, then we say the splitting is weakly reducible and call the pair (V, W ) a weak reducing pair. If (V, W ) is a weak reducing pair and ∂V is isotopic to ∂W in F , then we call (V, W ) a reducing pair. If the splitting is not trivial and we cannot take a weak reducing pair, then we call the splitting strongly irreducible. If there is a pair of compressing disks (V ,W ) such that V intersectsW transversely in a point in F , then we call this pair a canceling pair and say the splitting is stabilized. Otherwise, we say the splitting is unstabilized. Definition 2.6. Let F be a surface of genus at least two in a compact, orientable 3-manifold M . Then the disk complex D(F ) is defined as follows:
(i) Vertices of D(F ) are isotopy classes of compressing disks for F .
(ii) A set of m + 1 vertices forms an m-simplex if there are representatives for each that are pairwise disjoint. Hence, two compressing disks D 1 and D 2 of F correspond to the same vertex in D(F ) if and only if there exists an isotopy
Definition 2.7. Consider a Heegaard splitting (V, W; F ) of an orientable, irreducible 3-manifold M . Let D V (F ) and D W (F ) be the subcomplexes of D(F ) spanned by compressing disks in V and W respectively. We call these subcomplexes the disk complexes of V and W. Let D VW (F ) be the subset of D(F ) consisting of the simplices having at least one vertex from D V (F ) and at least one vertex from D W (F ). We will denote the isotopy class
for the sake of convenience if there is no confusion. From now on, we will consider only unstabilized Heegaard splittings of an irreducible 3-manifold. If a Heegaard splitting of a compact 3-manifold is reducible, then the manifold is reducible or the splitting is stabilized (see [12] ). Hence, we can exclude the possibilities of reducing pairs among weak reducing pairs. Definition 2.9. Suppose W is a compressing disk for F ⊂ M . Then there is a subset of M that can be identified with W × I so that W = W × { 1 2 } and F ∩ (W × I) = (∂W ) × I. We form the surface F W , obtained by compressing F along W , by removing (∂W ) × I from F and replacing it with W × (∂I). We say the two disks W × (∂I) in F W are the scars of W . Lemma 2.10 (Lustig and Moriah, Lemma 1.1 of [10] ). Suppose that M is an irreducible 3-manifold and (V, W; F ) is an unstabilized Heegaard splitting of M . If F is obtained by compressing F along a collection of pairwise disjoint disks, then no S 2 component of F can have scars from disks in both V and W.
If we add the assumption that the genus of the Heegaard splitting is three, then we get the following important lemma.
Lemma 2.11 (J. Kim, Lemma 2.9 of [4] ). Suppose that M is an irreducible 3-manifold and (V, W; F ) is an unstabilized, genus three Heegaard splitting of M . If there exist three mutually disjoint compressing disks V , V ⊂ V and W ⊂ W, then either V is isotopic to V , or one of ∂V and ∂V bounds a punctured torus T in F and the other is a non-separating loop in T . Moreover, we cannot choose three weak reducing pairs (V 0 , W ), (V 1 , W ), and (V 2 , W ) such that V i and V j are mutually disjoint and non-isotopic in V for i = j.
Note that "one of ∂V and ∂V bounds a punctured torus T in F and the other is a non-separating loop in T " means that one of V and V , say V , cuts off a solid torus from V and V is a meridian disk of the solid torus and therefore V is a band sum of two parallel copies of V in V.
is the center and the other weak reducing pairs are hands.
Definition 2.12 (J. Kim, Definition 2.12 of [5] ). In a weak reducing pair for a Heegaard splitting (V, W; F ), if a disk belongs to V, then we call it a V-disk. Otherwise, we call it a W-disk. We call a 2-simplex in D VW (F ) represented by two vertices in D V (F ) and one vertex in D W (F ) a V-face, and also define a W-face symmetrically. Let us consider a 1-dimensional graph as follows.
(1) We assign a vertex to each V-face in D VW (F ).
(2) If a V-face shares a weak reducing pair with another V-face, then we assign an edge between these two vertices in the graph. We call this graph the graph of V-faces. If there is a maximal subset ε V of V-faces in D VW (F ) representing a connected component of the graph of V-faces and the component is not an isolated vertex, then we call ε V a V-facial cluster. Similarly, we define the graph of W-faces and a W-facial cluster. In a V-facial cluster, every weak reducing pair gives the common W-disk, and vise versa.
If we consider an unstabilized, genus three Heegaard splitting of an irreducible 3-manifold, then we get the following lemmas. Lemma 2.13 (J. Kim, Lemma 2.13 of [5] ). Suppose that M is an irreducible 3-manifold and (V, W; F ) is an unstabilized, genus three Heegaard splitting of M . If there are two V-faces f 1 represented by {V 0 , V 1 , W } and f 2 represented by {V 1 , V 2 , W } sharing a weak reducing pair (V 1 , W ), then ∂V 1 is non-separating, and ∂V 0 , ∂V 2 are separating in F . Therefore, there is a unique weak reducing pair in a V-facial cluster which can belong to two or more faces in the V-facial cluster.
Definition 2.14 (J. Kim, Definition 2.14 of [5] ). By Lemma 2.13, there is a unique weak reducing pair in a V-facial cluster belonging to two or more faces in the Vfacial cluster. We call it the center of a V-facial cluster. We call the other weak reducing pairs hands of a V-facial cluster. See Figure 1 . Note that if a V-face in a V-facial cluster is represented by two weak reducing pairs, then one is the center and the other is a hand. Lemma 2.13 means that the V-disk in the center of a Vfacial cluster is non-separating, and those from hands are all separating. Moreover, Lemma 2.11 implies that (i) the V-disk in a hand of a V-facial cluster is a band sum of two parallel copies of that of the center of the V-facial cluster and (ii) the V-disk of a hand of a V-facial cluster determines that of the center of the V-facial cluster by the uniqueness of the meridian disk of the solid torus which the V-disk of the hand cuts off from V. Lemma 2.15 (J. Kim, Lemma 2.15 of [5] ). Assume M and F as in Lemma 2.13. Every V-face belongs to some V-facial cluster. Moreover, every V-facial cluster has infinitely many hands.
The next is the definition of "generalized Heegaard splitting" originated from [14] . Note that a GHS in this article is the same as a pseudo-GHS in [1] since we allow a GHS to have product compression bodies and we do not encounter thin 2-spheres.
The next is the definition of "generalized Heegaard splitting" originated from [14] . where we assume that each element of Thick(G ) belongs to the interior of V or W by slightly pushing off F V or F W into the interior of V or W respectively and then also assume that they miss F V W . We say the GHS G = {Thick(G ), Thin(G )} is obtained from H by pre-weak reduction along (V, W ). The relative position of the elements of Thick(G ) and Thin(G ) follows the order described in Figure 2 . If there are elements S ∈ Thick(G ) and s ∈ Thin(G ) that cobound a product region P of M such that P ∩ Thick(G ) = S and P ∩ Thin(G ) = s then remove Figure 2 . pre-weak reduction S from Thick(G ) and s from Thin(G ). This gives a clean GHS G of M from the GHS G (see Lemma 5.4 of [1] ) and we say G is obtained from G by cleaning. We say the clean GHS G of M given by pre-weak reduction along (V, W ), followed by cleaning, is obtained from H by weak reduction along (V, W ).
The next is the definition of "amalgamation" originated from [15] . Since the original definition identifies the product structures near the relevant thin level into the thin level itself, the union of submanifolds after amalgamation is not exactly the same as the union before amalgamation setwisely. Hence, we need to use another version of amalgamation.
Definition 2.18 (The detailed version of "partial amalgamation" of Section 3 of [9] by using the terms in [15] ). Let N and L be submanifolds of M such that N ∩L is a (possibly disconnected) closed surface F , where F belongs to ∂N and ∂L. Suppose that N and L have non-trivial Heegaard splittings (V 1 , V 2 ; F N ) and (W 1 , W 2 ; F L ) respectively, where ∂ − V 2 ∩ ∂ − W 1 = F . Then we can represent V 2 as the union of ∂ − V 2 × I and 1-handles attached to ∂ − V 2 × {1} and the symmetric argument also holds for W 1 . Especially, we can choose the product structures of the submanifolds N 0 = F ×I and L 0 = F ×I of ∂ − V 2 ×I and ∂ − W 1 ×I respectively (hence N 0 and L 0 share F as the common 0-level) such that the projections of attaching disks of the 1-handles defining V 2 and W 1 in the 1-levels of N 0 and L 0 into F would be mutually disjoint. Let
(N 1 or L 1 might be empty). Let p N0 : N 0 → F and p L0 : L 0 → F be the relevant projection functions defined in N 0 and L 0 respectively. Then we can extend the 1-handles of V 2 until we meet F by using p N0 through N 0 and also we can extend those of W 1 until we meet F by using p L0 through L 0 . Let N 0 (L 0 resp.) be the closure of the complement of the extended 1-handles of V 2 in N 0 (W 1 in L 0 resp.). Then we can see that V 1 ∪ N 0 is just expanded V 1 vertically down through N 0 and therefore it is a compression body and W 2 ∪ L 0 is also a compression body similarly. If we define
becomes a Heegaard splitting of M . We call (V, W) the amalgamation of (V 1 , V 2 ) and (W 1 , W 2 ) along F with respect to the given 1-handle structures of V 2 and W 1 and the pair (p N0 , p L0 ) (see Figure 3) . Proposition 2.19 (Proposition 3.1 of [9] ). The amalgamation is well-defined up to ambient isotopy.
Despite of the existence of Proposition 2.19, we need the precise definition as in Definition 2.18 since we will analyze the exact differences between representatives of Figure 3 . the amalgamation of (V 1 , V 2 ) and (W 1 , W 2 ) along F generalized Heegaard splittings which induce the same amalgamation up to isotopy.
The following lemma means that the isotopy class of the generalized Heegaard splitting obtained by weak reduction along a weak reducing pair does not depend on the choice of the weak reducing pair if the weak reducing pair varies in a fixed V-or W-facial cluster.
Lemma 2.20 (J. Kim, Lemma 2.17 of [6] ). Assume M and F as in Lemma 2.13. Every weak reducing pair in a V-face gives the same generalized Heegaard splitting after weak reduction up to isotopy. Therefore, every weak reducing pair in a Vfacial cluster gives the same generalized Heegaard splitting after weak reduction up to isotopy. Moreover, the embedding of the thick level contained in V or W does not vary in the relevant compression body up to isotopy.
The next lemma gives an upper bound for the dimension of D VW (F ) and restricts the shape of a 3-simplex in D VW (F ). 
The next lemma characterizes the possible generalized Heegaard splittings obtained by weak reductions from (V, W; F ) into five types.
Lemma 2.22 (Lemma 3.1 of [7] ). Assume M and F as in Lemma 2.13. Let (i) V and W are non-separating in V and W respectively and ∂V ∪ ∂W is also non-separating in F , (ii) V cuts off a solid torus from V and W is non-separating in W, (iii) W cuts off a solid torus from W and V is non-separating in V, or (iv) each of V and W cuts off a solid torus from V or W. We call it a "type (a) GHS". (b) One of ∂ − V 2 and ∂ − W 1 consists of a torus and the other consists of two tori, where either (i) V cuts off (torus) × I from V and W is non-separating in W, (ii) V cuts off (torus) × I from V and W cuts off a solid torus from W, (iii) W cuts off (torus) × I from W and V is non-separating in V, or (iv) W cuts off (torus) × I from W and V cuts off a solid torus from V. We call it a "type (b)-W GHS" for (bi) and (bii) and "type (b)-V GHS" for (biii) and (biv). (c) Each of ∂ − V 2 and ∂ − W 1 consists of two tori but ∂ − V 2 ∩∂ − W 1 is a torus, where each of V and W cuts off (torus)×I from V or W. We call it a "type (c) GHS". (d) Each of ∂ − V 2 and ∂ − W 1 consists of two tori and ∂ − V 2 ∩ ∂ − W 1 also consists of two tori, where both V and W are non-separating in V and W respectively but ∂V ∪ ∂W is separating in F . We call it a "type (d) GHS". As the summary of the previous observations, the generalized Heegaard splitting
is just a set of three surfaces {F V ,F V W ,F W } obtained as the follows.
(1) The thick levelF V (F W resp.) is obtained by pushing the genus two component of F V (F W resp.) off into the interior of V (of W resp.) and (2) The inner thin levelF V W is the union of components of F V W having scars of both V and W , where we can see that if
From now on, we will use the notation {F V ,F V W ,F W } as the generalized Heegaard splitting obtained by weak reduction from a weakly reducible, unstabilized Heegaard splitting (V, W; F ) of genus three along the weak reducing pair (V, W ).
Since every weak reducing pair in a V-or W-facial cluster ε gives a unique generalized Heegaard splitting after weak reduction up to isotopy by Lemma 2.20, we can say ε has a GHS of either type (a), type (b)-W or type (b)-V by Lemma 2.22 (we exclude the possibility that ε has a GHS of type (c) or type (d) by Lemma 3.7 of [7] ).
In Definition 2.23, Definition 2.24 and Definition 2.25, we will find a connected portion of D VW (F ), say a "building block " of D VW (F ), such that every weak reducing pair in a building block gives the same generalized Heegaard splitting obtained by weak reduction up to isotopy. Definition 2.23 (Definition 3.3 of [7] ). Assume M and F as in Lemma 2.13. Let ε V and ε W be a V-facial cluster and a W-facial cluster such that they share the common center (V ,W ) (soV andW are non-separating in V and W respectively). Let Σ be the union of all simplices of D VW (F ) spanned by the vertices of
for all possible V and W and therefore every weak reducing pair in Σ gives the same generalized Heegaard splitting up to isotopy of type (a). We call Σ and (V ,W ) a building block of D VW (F ) having a type (a) GHS and the center of Σ respectively. Definition 2.24 (Definition 3.5 of [7] ).
( Definition 2.25. Assume M and F as in Lemma 2.13 and let (V, W ) be a weak reducing pair. Suppose that the generalized Heegaard splitting obtained by weak reduction along (V, W ) is a type (c) GHS (type (d) GHS resp.). In this case, we call the weak reducing pair (V, W ) itself "a building block of D VW (F ) having a type (c) GHS (type (d) GHS resp.)". We define the center of the building block (V ,W ) as (V, W ) itself.
Note that the embedding of the thick level contained in V or W does not vary in the relevant compression body up to isotopy if we do weak reduction along a weak reducing pair contained in a fixed building block by Lemma 2.20. [7] ). Let (V, W; F ) be a weakly reducible, unstabilized, genus three Heegaard splitting in an orientable, irreducible 3-manifold M . Then there is a function from the components of D VW (F ) to the isotopy classes of the generalized Heegaard splittings obtained by weak reductions from (V, W; F ). The number of components of the preimage of an isotopy class of this function is the number of ways to embed the thick level contained in V into V (or in W into W). This means that if we consider a generalized Heegaard splitting H obtained by weak reduction from (V, W; F ), then the way to embed the thick level of H contained in V into V determines the way to embed the thick level of H contained in W into W up to isotopy and vise versa. Lemma 2.29. Suppose that M is an orientable, irreducible 3-manifold and (V i , W i ; F i ) is a weakly reducible, unstabilized, genus three Heegaard splitting of M for i = 1, 2. Let f be an orientation preserving automorphism of M that takes
3. The proof of Theorem 1.1
In this section, we will prove Theorem 1.1. Suppose that there are two generalized Heegaard splittings H 1 and H 2 obtained by weak reductions from weakly reducible, unstabilized, genus three Heegaard splittings (V 1 , W 1 ; F 1 ) and (V 2 , W 2 ; F 2 ) of an orientable, irreducible 3-manifold M respectively. Assume that there is an orientation preserving automorphism f of M that takes H 1 into H 2 , i.e. f sends the thick levels of H 1 into those of H 2 and sends the inner thin level of H 1 into that of H 2 . In Theorem 3.1, we will prove that we can isotope f so that (i) f (F 1 ) = F 2 and (ii) f (H 1 ) = H 2 . 
Proof. Without loss of generality, assume that f sends the thick level of
We will prove that we can isotope f so that f (V 1 ) = V 2 where the isotopy preserves the thick levels and the inner thin level of f (H 1 ) during the isotopy.
If we consider the compressing disks V i and W i of V i and W i , then they are naturally extended to the compressing disksṼ i andW i of W 
This completes the proof of Claim A.
If we consider the assumption thatṼ i andW i are naturally extended from V i and W i by attaching uniquely determined annuli to them, then we can assume that N (Ṽ i ) ∩ V i and N (W i ) ∩ W i are also product neighborhoods of V i and W i in V i and W i respectively, say N (V i ) and N (W i ), by choosing N (Ṽ i ) and N (W i ) suitably. Hence, we can consider N (Ṽ i ) as a big cylinder and N (V i ) as a vertical small cylinder in the middle of N (Ṽ i ) for i = 1, 2 with respect to a given D 2 × I structure of N (Ṽ i ) and the symmetric argument also holds for N (W i ) and N (W i ) for i = 1, 2. (From now on, we will use the term "cylinder " to denote a 3-manifold homeomorphic to D 2 × I.)
, and (iii) the assumption f (H 1 ) = H 2 holds at any time during the isotopy.
Proof of Claim B1. Since W
is the cocore disk of the 1-handle. But Lemma 2.3 implies that there exists a unique such cocore disk in W 2 1 up to isotopy and therefore f (Ṽ 1 ) is isotopic toṼ 2 in W 2 1 by considering Claim A. Hence, the existence of the isotopy of f satisfying (i) is obvious (see the procedure from (a) to (b) of Figure 7 ). After the previous isotopy, we can modify the location of the small cylinder f (N (V 1 )) in the big cylinder N (Ṽ 2 ) by an isotopy to satisfy (ii) (see the procedure from (b) to (c) of Figure 7 ). Since we can assume that f (H 1 ) = H 2 during these isotopies, (iii) holds. This completes the proof of Claim B1.
Note that the isotopy of Claim B1 affects not only the image f (W 2 ) are preserved setwisely during the isotopy. But we can assume that it does not affect the image of the inner thin level and therefore this isotopy does not affect f (V 1 2 ). Hence, we get the following claim similarly.
Claim B2 Without changing the result of Claim B1, we can isotope f so that (i)
V1,Ṽ2: separating V1,Ṽ2: non-separating Figure 8 . after the isotopies of Claim B1 and Claim B2
H 2 holds at any time during the isotopy.
The schematic figure describing this situation is Figure 8 .
Next, we can observe the follows, where this observation is the crucial idea of the proof of Theorem 3.1. Recall that (V i , W i ) is the center of B i for i = 1, 2, i.e. each of V i and W i is either non-separating or cuts off (torus) × I from the relevant compression body by Lemma 2.27. (Note that we can refer to the top of Figure 8 , the top of Figure 9 , Figure 10 and Figure 11 in [6] for all possible cases.) 
resp.) such that the top and bottom levels belong to the inner thin levelF 2V 2W2 and the other levels belong to the interior of W 2 1 (V 2 2 resp.) by the assumption that f (W
resp.) and f is a homeomorphism.
resp.) such that the top level belongs to ∂ − V 2 (∂ − W 2 resp.), the bottom level intersects the inner thin levelF 2V 2W2 in a disk, and the other levels belong to the interior of W Note that the inner thin levelF iV iWi is either connected or disconnected even though V i is non-separating in V i , i.e. it consists of a torus or two tori (see Figure 9 and Figure 10 respectively).
(2) Case: 
Let us consider the genus two compression bodyW
the other part of F2 Figure 10 . another case when V i is non-separating in V i .
after an isotopy of f . Moreover, we can see that f (N (T 1 )) is homeomorphic to T 2 × I because f (T 1 ) = T 2 . Hence, we can isotope f so that f (N (T 1 )) = N (T 2 ), i.e. we get f (W Claim C We can isotope f so that α 2 is monotone in the relevant product struc-
Proof of Claim C. We will prove that we can isotope f so that f (∪ Since f (N (Ṽ 1 )) = N (Ṽ 2 ) and f (W
then we can extend it to the ambient isotopy h t defined on M such that h t | ∂−W 2 1 ×I = h t and h t is the identity on M − (∂ − W 2 1 × I). Therefore, the argument in Definition 2.1 induces that f can be isotoped so that f (∪ We can use the symmetric arguments for V ∩ W 2 because they share the common inner thin level. Hence, we will describe the details of these "untying isotopies" and find the way how to avoid possible interferences in the proof of Lemma 3.2.
Lemma 3.2. We can assume that f (W Proof. From now on, we will describe the "untying isotopies" of f (W 
Proof of Claim D. First, we will find two disks (ifF 2V 2W2 is connected) or two sets of two disks (ifF 2V 2W2 is disconnected), say Figure 12) . Moreover, we can assume that this perturbation does not affect the assumption that α 2 and β 2 are monotone in the relevant product structures in W consists of two components.
(1) Case:F 2V 2W2 consists of a torus, i.e. H 2 is a type (a) GHS. Figure 10) . The symmetric argument also holds for pW
respectively.
Next, we isotope f nearF 2V 2W2 so that the disks (or the disk) f (W
satisfying f (H 1 ) = H 2 at any time during the isotopy. This argument can be generalized to the case whenF 2V 2W2 is disconnected. Then we get f (W Figure 13 ). Note that we can assume that the assumption that α 2 and β 2 are monotone in the relevant product structures of W This completes the proof of Claim D.
F 2V 2 W2 Figure 13 . We can assume that f (W
In the following step, we will realize the untying isotopies of f (W Step A. we will isotope f (W 
) be a small product neighborhood ofF
)) which are the identity on (∂ − W Proof of Claim E.1-A. From now on, we will represent an isotopy of the cylinder f (C Step 1: Normalize α 2 in ∂ − W 2 1 × I. In the proof of Step 1, we will denote
as D for the sake of convenience. Let s 1 and s 2 be the two strands of α 2 ∩ (∂ − W 2 1 × I) such that s j is the core arc of f (C 1 j ) for j = 1, 2. We isotope f nearF 2V 2W2 so that the projection of (s 1 ∪ s 2 ) ∩ (∂ − W 2 1 × {1}) intoF 2V 2W2 is equal to (s 1 ∪ s 2 ) ∩F 2V 2W2 and we say p j = s j ∩F 2V 2W2 for j = 1, 2. Then we choose sufficiently small > 0 such that
2-strands by s1 ∪ s2 in (torus) × I N (Ṽ2) Figure 14 . the core arcs of W . Here, we choose a meridian c 1 and a longitude c 2 ofF V2W2 such that (i) c 1 intersects c 2 transversely in exactly one point q, Figure 15 ). Here, we assume that the indices of {q i } r i=1 follow the order of levels of
) thereforeS t i is a disk in the level surface S t i . Let us isotope f so that this isotopy forces each component of α 2 ∩ (N (D 1 ) ∪ N (D 2 ) ) to belong to the corresponding S t i but monotone elsewhere in
If we isotope f so that the 3-ballS × [ D1 intersects the front (back) face.
p1 p2 Figure 15 . the normalization procedure
(1) this isotopy only affects 
, then we can see that (i) the closure of each component, say B i , is a 3-ball, such that B i intersects S t i ∪ S t i+1 if we say t 0 = 0 and t r+1 = 1 and (ii) each of s 1 and s 2 intersects B i in a connected arc whose interior belongs to int(B i ) for every 0 ≤ i ≤ r. Since each component of (
Hence, we normalize
and a 2r+1 = 1 = a n . (2) We isotope f so that the 2-braid by the subarcs of s 1 ∪s 2 in B i would become a "standardly positioned 2-braid " with respect to the vertical direction, i.e. ] denotes the vertical part of s 1 ∪ s 2 in M j for odd j.) If the 2-braid in M j−1 is left-handed (right-handed resp.), then we add a left-handed (right-handed resp.) position-changing half-twist for the sake of convenience.
Step 2: Untying f (C 1 1 ) and f (C 2 1 ) into vertical cylinders. As we did in Step 1,
) with respect to s 1 ∪ s 2 satisfying the follows.
(1) a 0 = 0, a n = 1, and
Figure 17. untwisting a 2-braid
Let us consider (s 1 ∪s 2 )∩(D ×[a 0 , a 1 ]) which is a 2-braid consisting of subarcs of s 1 ∪ s 2 . This 2-braid can be written by σ k for k ∈ Z, where σ is a right-handed halftwist between the corresponding subarcs of s 1 ∪s 2 . Let D be a disk in the interior of
Here, we can isotope f so that this makes this 2-braid into a new 2-braid with the representation σ k such that |k | = |k| − 1 (see Figure 17 ) and therefore we can repeat such isotopy over and over again until s 1 ∪ s 2 becomes vertical strands in D × [a 0 , a 1 ]. Note that we can assume that this isotopy does not affect the outside of (D × [a 0 , a 1 ]) in f (W 
, then we get an annulus, say the "shadow ", and denote it as R (see Figure 18 ) and R ∩ D is a rectangle which divides D into two pieces.
(see the left of Figure 18 ). Choose a small neighborhood of R inF 2V 2W2 , say N (R), so that (i) ∂N (R) ∩ int(D) would consist of two arcs, (ii) N (R)∩D V 2 2 = ∅, and (iii) N (R)∩f (C 1 2 ) = ∅. We can give the canonical direction to the core circle of R such that it follows the direction where the level of s 1 increases. Choose two points P and P in ∂N (R) such that they are contained in different components of ∂N (R) ∩ int(D). Let π 1 (N (R)) =< α > where the direction of α is the same as the direction of the core circle of R. Consider a curve γ such that γ starts from P , it travels the interior of N (R) as much as α −1 , turns around along the half of ∂N (C ∩F 2V 2 W2 ), where N (C ∩F 2V 2W2 ) means a sufficiently small
Figure 18. C becomes a vertical cylinder.
neighborhood of C ∩F 2V 2W2 inF 2V 2W2 , and travels the interior of N (R) as much as α until it ends at P (see the left of Figure 18 ). Here, γ meets ∂D four times. If we isotope f so that γ shrinks into a curve γ ⊂ N (R) contained in the interior of D, then we can assume that this isotopy make C into a vertical cylinder and it does not affect f ( C 1 2 ) (see the right of Figure 18 ). Moreover, we can assume that the compression body f (W 1 1 ) is preserved at any time during this isotopy setwisely. (But it affects the image of f in a small product neighborhood ofF
).) After this isotopy, we can reduce the n-submanifolds
Therefore, if we repeat the arguments in the previous paragraph, then f (C Figure 19 ). Therefore, we only need to consider a 1-strand in each of X Figure 19 ). Hence, we can isotope α 2 so that it After the untying procedure in Case 1-A, Case 1-B or Case 2, α becomes to be apparentely parallel to α in W 2 1 . Moreover, we can isotope f so that the cylinder
. This means that we have isotoped f (W
Moreover, these isotopies satisfy f (H 1 ) = H 2 at any time.
Step B. After Step A, if we use the symmetric arguments in Step A, then we can isotope f (V By using the isotopies of Lemma 3.2, f has been isotoped so that it satisfies the following equation.
This completes the proof of Theorem 3.1. Obviously, this gives an equivalent relation to the set of all representatives of the elements of GHS F coming from weak reductions. Let GHS F be the set of all these equivalent classes and we denote the equivalent class of a representative H as (H). Proof. (⇒) Suppose that f sends F into F up to isotopy. That is, we can isotope f so that f (F ) = F . Let [H] be an element of GHS F . Then there is a weak reducing pair (V, W ) of (V, W; F ) which gives a representative H = {F V ,F V W ,F W } of [H] coming from weak reduction. If we consider the weak reducing pair determined by {f (V ), f (W )} of F , then it gives the generalized Heegaard splitting
Claim A f (H) is a representative of an element of GHS F coming from weak reduction. Moreover, (H ) = (f (H)) in GHS F .
Proof of Claim A. Recall that f (F ) = F . Without loss of generality, assume that
} and observe the compressing disks f (V ) and f (W ). LetṼ be the region in V between the genus two component of F V andF V where "the genus two component of F V " is the one used when we obtained the thick levelF V . Let N V (V ) be the product neighborhood of V in V which was used when we compressed F along V to obtain F V . ThenṼ is homeomorphic to (genus two surface) × I whose 0-level isF V . Hence, f (Ṽ) is homeomorphic to (genus two surface) × I whose 0-level is f (F V ). Moreover, the 1-level of f (Ṽ) is the genus two component of F f (V ) if we compress F along f (V ) by using f (N V (V )) as the product neighborhood of f (V ) in V . Therefore, we can easily check the follows. Then we get two generalized Heegaard splittingsH = {FV ,FVW ,FW } andH = {F V ,F V W ,F W } obtained by weak reductions from (V, W; F ) and (V , W ; F ) respectively. Here, (i) (H) = (H) in GHS F and (ii) (H ) = (H ) in GHS F by considering the functions Φ F and Φ F . That is, (i) induces that H is isotopic tō H by an isotopy h t such that h 0 is the identity and h 1 (H) =H, and therefore H = f (H) is isotopic to f (H) by the isotopy f • h t • f −1 . Since H is isotopic toH by (ii), we conclude that f (H) is isotopic toH . This means that we can isotope f so that f (H) =H by using the argument in Definition 2.1. Therefore, Theorem 3.1 induces that we can isotope f so that f (F ) = F . This completes the proof.
4. The proof of Theorem 1.2
In this section, we will prove Theorem 1.2.
Definition 4.1. Let F be the set of isotopy classes of weakly reducible, unstabilized Heegaard surfaces of genus three in M . Now we define GHS = ∪ [F ]∈F GHS F , where we take exactly one representative F for each isotopy class [F ] . Suppose that F is isotopic to F in M by an isotopy h t such that h 0 (F ) = id(F ) = F and h 1 (F ) = F . Then we get a 1-parameter family of Heegaard splittings {(V t , W t ; F t )} 0≤t≤1 such that F 0 = F and 1 from F to F , then we can see that each element of GHS F belongs to GHS F by the symmetric argument, i.e. GHS F = GHS F . This is why we take only one representative for each element of F in the union.
Let GHS be the set of isotopy classes of the generalized Heegaard splittings consisting of two non-trivial Heegaard splittings of genus two. Therefore, every representative of GHS must be of the form (V 1 , V 2 ; T 1 )∪ t (W 1 , W 2 ; T 2 ), where ∂ − V 2 ∩ ∂ − W 1 = t (t is a torus or two tori) and the genera of T 1 and T 2 are both two.
If we add the assumption that the minimal genus of Heegaard splittings in M is three, then we get the following lemma. Lemma 4.2. Let M be an orientable, irreducible 3-manifold admitting a weakly reducible, unstabilized Heegaard splitting of genus three and assume that the minimal genus of M is three. Then GHS = GHS.
Proof. By Lemma 2.22, GHS ⊂ GHS is obvious.
Suppose that
is a representative of an element of GHS ,where ∂ − V 2 ∩ ∂ − W 1 = t. Then we can express V 2 as the union of ∂ − V 2 × I and a 1-handle attached to ∂ − V 2 × {1} and the symmetric argument also holds for W 1 since they are genus two compression bodies with non-empty minus boundary. Hence, we obtain a Heegaard splitting (V, W; F ) by the amalgamation of (V 1 , V 2 ; T 1 ) and (W 1 , W 2 ; T 2 ) along t with respect to the 1-handle structures of V 2 and W 1 and a suitable pair of projection functions as in Definition 2.18. Let D and E be the cocore disks of the 1-handles in the representations of W 1 and V 2 respectively. Then we can see that (D, E) is a weak reducing pair of (V, W; F ). Moreover, if we observe the amalgamation F , then we can see the follows.
(1) If both ∂ − V 2 and ∂ − W 1 are connected (so t consists of a torus), then F is the one obtained from t by attaching two tubes corresponding to the 1-handles of D and E to t. (so t consists of a torus), then F is the one obtained from the union of t, a torus t parallel to ∂ − W and a torus t parallel to ∂ − V by connecting t and t by the tube corresponding to the 1-handle of E and connecting t and t by the tube corresponding to the 1-handle of D. (5) If both ∂ − V 2 and ∂ − W 1 are disconnected and ∂ − V 2 ∩∂ − W 1 is disconnected, i.e. ∂ − V 2 = ∂ − W 1 (so t consists of two tori t 1 and t 2 ), then F is the one obtained from t attaching two tubes corresponding to the 1-handles of D and E where each tube connects t 1 and t 2 . In all cases, we can see that the genus of F is three. Here, we confirm that (V, W; F ) is unstabilized by the assumption that the minimal genus of M is three. By using the above observation, if we compress F along D or E and consider the genus two component, then it is isotopic to T 1 or T 2 respectively and the union of components of F DE having scars of both D and E is isotopic to t (see (c) and (a) of Figure 20 for type (b)-V GHS and we can draw similar figures for the other types of GHSs). That is, the generalized Heegaard splitting {F D ,F DE ,F E } obtained by weak reduction from (V, W; F ) along the weak reducing pair (D, E) is isotopic to H (refer to the last statement of Lemma 2.22 Let GHS [F ] be the maximal subset of GHS such that every element of GHS [F ] gives the same isotopy class [F ] of amalgamation. Definition 4.4. Let f be an orientation-preserving automorphism of an irreducible 3-manifold M that takes a weakly reducible, unstabilized Heegaard surface F 1 of genus three into F 2 , and (V 1 , W 1 ; F 1 ) and (V 2 , W 2 ; F 2 ) the relevant Heegaard splittings. Since we can represent a compressing disk in V 1 or W 1 as the boundary curve in F 1 and f is a homeomorphism, f would translate the information of the compressing disks of F 1 into that of If we use the proof of Lemma 4.2, then H and H are isotopic to the generalized Heegaard splittings obtained by weak reductions from (V, W; F ) and (V , W ; F ) respectively. In other words, we can isotope F and F so that H and H would be the generalized Heegaard splittings obtained by weak reductions from (V, W; F ) and (V , W ; F ) respectively. Let us realize these isotopies. Let (V, W ) and (V , W ) be the weak reducing pairs coming from the cocore disks of the relevant 1-handles used when we obtained the amalgamations (V, W; F ) and (V , W ; F ) respectively. If we thin the 1-handle parts of F and push F off slightly to miss the thick levels of H if we need, then we can see that H itself is a generalized Heegaard splitting obtained by weak reduction from (V, W; F ) along (V, W ). (Refer to the last statement of Lemma 2.22 and see Figure 22 . We can draw the similar figures for the other cases among the five cases of amalgamations in the proof of Lemma 4.2). The symmetric argument also holds for F and H by using (V , W ).
After these isotopies of F and F , we can define the equivalent classes (H) and (H ) in GHS F and GHS F respectively. From now on, we will use these embeddings of F and F . Since V and W comes from the cocore disks of the 1-handles, if any of them is separating in V or W after the amalgamation, then it cuts off (torus) × I from V or W (recall the five cases of amalgamations in the proof of Lemma 4. From now on, we will prove the last statement.
Consider an orientation-preserving automorphismh of M such that (i)h takes F into itself and (ii)h sends (V , W ) into itself up to isotopy. This means that if we consider the embeddings of thick levels of the generalized Heegaard splitting H obtained by weak reduction from (V , W ; F ) along the weak reducing pair determined by {h(V ),h(W )}, then they are isotopic to those obtained by weak reduction from (V , W ; F ) along (V , W ) in the relevant compression bodies, i.e. This completes the proof.
